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The exponential transformationThis paper presents an improved exponential transformation for nearly singular boundary element inte-
grals in elasticity problems. The new transformation is less sensitive to the position of the projection
point compared with the original transformation. In our work, the conventional distance function is mod-
iﬁed into a new form in the polar coordinate system. Based on the reﬁned distance function, an improved
exponential transformation is proposed in the polar coordinate system. Moreover, to perform integra-
tions on irregular elements, an adaptive integration scheme considering both the element shape and
the projection point associated with the improved transformation is proposed. Furthermore, when the
projection point is located outside the integration element, another nearest point is introduced to subdi-
vide the integration elements into triangular or quadrilateral patches of ﬁne shapes. Numerical examples
are presented to verify the proposed method. Results demonstrate the accuracy and efﬁciency of our
method.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Dealing with singular integrals and nearly singular integrals has
been a seemingly daunting task since the early days of the bound-
ary element method (BEM) (Aliabadi et al., 1985; Aliabadi, 2002;
Cheng and Cheng, 2005; Cruse and Aithal, 1991, 1993; Liu and
Rudolphi, 1999). In this study, we focus on the nearly singular
integrals.
Near singularities are involved in many BEM analyses of engi-
neering problems, such as problems on thin shell-like structures
(Krishnasamy et al., 1994; Liu, 1998), the crack problems
(Dirgantara and Aliabadi, 2000; Sladek et al., 1993a,b), the contact
problems (Aliabadi and Martin, 2000), as well as the sensitivity
problems (Zhang et al., 1999). Accurate and efﬁcient evaluation
of nearly singular integrals with various kernel functions of the
type O(1=rv) is crucial for the successful implementation of the
boundary type numerical methods based on boundary integral
equations (BIEs), such as the boundary element method (BEM),
the boundary face method (BFM) (Zhang et al., 2009a). A near
singularity arises when a source point is close to but not on the
integration elements. Although those integrals are actually regu-
lar in nature, they cannot be evaluated accurately by the standard
Gaussian quadrature. This is because, the denominator r, the dis-
tance between the source and the ﬁeld point, is close to zero but
not zero. The difﬁculty encountered in the numerical evaluationmainly results from the fact that the integrands of nearly singular
integrals vary drastically with respect to the distance r. Various
numerical techniques have been developed to remove the near
singularities, such as Taylor expansion algorithm (Mi and
Aliabadi, 1996), global regularization (Sladek et al., 1993a,b; Liu
and Rudolphi, 1999), coordinate optimization transformation
(Sladek et al., 2000), semi-analytical or analytical integral formu-
las (Niu and Zhou, 2004; Niu et al., 2005; Zhou et al., 2007, 2008),
the sinh transformation (Johnston and Elliott, 2005; Johnston
et al., 2007; Gu et al., 2013), polynomial transformation (Tells,
1987), adaptive subdivision method (Gao and Davies, 2000;
Zhang et al., 2009a), distance transformation technique (Ma and
Kamiya, 2001, 2002; Qin et al., 2011), the PART method (Hayami
and Matsumoto, 1994; Hayami, 2005), and the exponential trans-
formation (Xie et al., 2011; Zhang et al., 2009b, 2010). Most of
them beneﬁt from the strategies for computing singular integrals
(Sladek and Sladek, 1992; Sladek et al., 2001). Among those tech-
niques, the exponential transformation technique seems to be a
more promising method for nearly singular integrals. However,
the transformation is only limited to 2D boundary element and
the accuracy is sensitive to the position of the projection point.
In this paper, we develop the exponential transformation tech-
nique for the nearly singular integrals in 3D boundary element
method. Moreover, our method is less sensitive to the position
of the projection point.
In our method, ﬁrstly the conventional distance function is
reviewed. Then the conventional distance function is modiﬁed into
a new form. Based on the modiﬁed distance function, the
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2010) can be developed to 3D BEM in a new form. Moreover, to
perform integrations on irregular elements, the element subdivi-
sion technique considering both the shape of integration element
and positions of the project point is employed in combination with
the improved transformation. Although the element subdivision
technique is used, the computational cost is reduced dramatically
compared with the conventional element subdivision techniques
(Gao and Davies, 2000; Zhang et al., 2009a). Furthermore, in order
to get subtriangles or subquadrangles of ﬁne shapes, another near-
est point is introduced instead of the projection point when the
projection point is located outside the integration element. With
our method, the boundary nearly singular integrals of regular or
irregular elements can be accurately and effectively calculated.
Results demonstrate the accuracy and efﬁciency of our method.
Moreover, our method is less sensitive to the projection of the pro-
ject point than the conventional exponential transformation
method.
This paper is organized as follows. The general form of nearly
singular integrals is described in Section 2. Section 3 brieﬂy re-
views the distance function in the polar coordinate system and
then the distance function is constructed in the polar coordinate
system in a new form. In Section 4, the transformations for nearly
singular integrals are presented and the element subdivision tech-
nique is introduced. Numerical examples are given in Section 5.
The paper ends with conclusions in Section 6.2. General descriptions
In this section, we will give a general form of the nearly singular
integrals over 3D boundary elements. First we consider the bound-
ary integral equations for 3D elasticity problems. The well-known
self-regular BIE for elasticity problems in 3-D is
0 ¼
Z
C
ðujðsÞ  ujðyÞÞTijðs; yÞdC
Z
C
tjðsÞUijðs; yÞdC ð1Þ
where s and y represent the ﬁeld point and the source point in the
BEM, with components si and yi, i = 1, 2, 3, respectively and
Uij ¼ 116pGð1 mÞ ½ð3 4vÞdij þ r;ir;j•
•
n
•
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Fig. 1. The minimum distance r0, from the source point to the projection point xc
the 3D surface element.Tij ¼  18pð1 mÞ
@r
@n
ð1 2vÞdij þ r;ir;j
 
 ð1 2mÞðr;inj  r;jniÞ
 
Eq. (1) is discretized on the boundary C by boundary elements
Ceðe ¼ 1  NÞ deﬁned by interpolation functions. The integral ker-
nels of Eq. (1) become nearly singular when the distance between
the source point and integration element is very small compared to
the size of integration element. And the integrals in Eq. (1) become
nearly singular with different orders, namely, Uijðs; yÞ with near
weak singularity, and Tijðs; yÞ with near strong singularity. In this
paper, we develop the exponential transformation method for var-
ious boundary integrals with near singularities of different orders.
The new method is detailed in following sections. For the sake of
clarity and brevity, we take the following integral as a general form
to discuss:
I ¼
Z
S
f ðx; yÞ
rl
dS; l ¼ 1;2; 3 r ¼ kx yk2 ð2Þ
where f is a smooth function, x and y represent the ﬁeld point and
the source point in BEM, with components xi and yi, respectively. S
represents the boundary element. We assume that the source point
is close to S, but not on it.3. Construction of new distance function
3.1. Conventional distance function in polar coordinate system
In this section, we will brieﬂy review the distance function (Ma
and Kamiya, 2001, 2002; Qin et al., 2011).
As shown in Fig. 1, employing the ﬁrst-order Taylor expansion
in the neighborhood of the projection point, we have:
xk  yk ¼ xk  xck þ xck  yk
¼ @xk
@t1

t1¼c1
t2¼c2
ðt1  c1Þ þ @xk
@t2

t1¼c1
t2¼c2
ðt2  c2Þ þ r0nkðc1; c2Þ þ Oðq2Þ
¼ qAkðhÞ þ r0nkðc1; c2Þ þ Oðq2Þ ð3Þ
where ðc1; c2Þ are the coordinates of the projection point in the local
system, ðt1; t2Þ, q ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðt1  c1Þ2 þ ðt2  c2Þ2
q
, and r0 ¼ kxc  yk which
is the minimum distance from the source point to the element in
most cases. nk represents the component of the unit outward direc-
tion to the surface boundary and
AkðhÞ ¼ @xk
@t1
t1 ¼ c1
t2 ¼ c2
cos hþ @xk
@t2
t1 ¼ c1
t2 ¼ c2
sin h ð4Þ
The distance function is expressed as follows:
r2 ¼ ðxk  ykÞðxk  ykÞ ¼ A2kðhÞq2 þ r20 þ Oðq3Þ ð5aÞ
r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A2kðhÞq2 þ r20 þ Oðq3Þ
q
ð5bÞ
Using Eqs. (5a) and (5b), Eq. (2) can be written as:
I ¼
Z
C
f ðx; yÞ
rl
dC ¼
X
m
Z hmþ1
hm
Z qðhÞ
0
gðq; hÞ
ðq2 þx2ðhÞÞl=2
dqdh ð6Þ
where xðhÞ ¼ r0AðhÞ, AðhÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
AkðhÞAkðhÞ
p
, and gðq; hÞ is a smooth
function.
3.2. Improved distance function in polar coordinate
The conventional distance function has been reviewed in Sec-
tion 3.1. However, as illustrated in Fig. 2, if the projection point
is not the ideal point, the line with end points xc and y is not per-
pendicular to the tangential plane through xc.
Using Eqs. (3) and (5a), the real distance between the source
point and the ﬁeld points can be written as:
r2 ¼ ðxk  ykÞðxk  ykÞ ¼ a qþ
b
2a
 	2
þ r
2
0
a
 b
2a
 	2
þ Oðq3Þ
" #
ð7Þ
where a ¼ A2kðhÞ > 0, b ¼ 2dkAkðhÞ; r20 ¼ jdj2
The following distance function can be given as:
r ¼ ﬃﬃﬃap
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qþ b
2a
 	2
þ d2 þ Oðq3Þ
" #vuut ð8Þ
where d2 ¼ r20a  b2a
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Fig. 2. The projection point is not the ideal point.
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I ¼
Z
C
f ðx; yÞ
rl
dC ¼
X
m
Z hmþ1
hm
Z qðhÞ
0
gðq; hÞ
ðqþ b2aÞ
2 þ d2
h il=2 dqdh ð9Þ
where xðhÞ ¼ r0AðhÞ, AðhÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
AkðhÞAkðhÞ
p
, and gðq; hÞ is a smooth
function.
In this section, we obtain the distance function in a new form in
the polar coordinate system. It is should be noted that if the project
point is coincide with the ideal projection point, Eq. (9) is similar to
Eq. (6). In next section, we will construct the improved exponential
transformation based on the reﬁned distance function.4. Improved transformation and element subdivision technique
4.1. Improved exponential transformation
In this section, we will give the improved transformation con-
sidering the modiﬁed distance function. As observed from Eq. (6),
Eq. (9), the near singularity is essentially related to the radial var-
iable q .
Firstly from Eq. (6), we only consider the radial variable integral
which depicts near singularity in the Eq. (6), as follows:
I1 ¼
Z qðhÞ
0
gðq; hÞ
ðq2 þx2ðhÞÞl=2
dq ð10Þ
The following exponential transformation is given as in Xie
et al. (2013):
q ¼ xðhÞðekð1þgÞ  1Þ ð11Þ
where g 2 ½1;1 k ¼ ln ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ qðhÞ=wðhÞp
Using Eq. (11), Eq. (10) can be written as:
I1¼
Z qðhÞ
0
gðq;hÞ
ðq2þx2ðhÞÞl=2
dq¼
Z 1
1
kxðhÞekð1þgÞgðq;hÞ
xlðhÞððekð1þgÞ 1Þ2þ1Þl
dg ð12Þ
Eq. (12) is similar to the transformation in Refs (Xie et al., 2013;
Zhang et al., 2009b, 2010; Zhang et al., 2010). However, for the ﬁrst
time, the exponential transformation is applied for evaluation of
nearly singular integrals in 3D elasticity problems.
Then from Eq. (8), the radial variable integral which depicts
near singularity in the Eq. (9) is considered, as follows:
I3 ¼
Z qðhÞ
0
gðq; hÞ
qþ b2a

 2 þ d2h il=2 dq ð13Þ
Using the same steps as in Xie et al. (2013), the following expo-
nential transformation is obtained:
q ¼ d ekð1þgÞ  1þ b
2ad
 	
 b
2a
ð14Þ
where g 2 ½1;1 k ¼ ln ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ qðhÞ=wðhÞpNote that if the projection point is the ideal projection point, Eq.
(14) is similar to Eq. (8). With the help of the exponential transfor-
mation above, the integrals with near weak singularity or near
strong singularity can be accurately calculated. It should be noted
that we still use the exact r instead of the approximate r in Eq. (2).
So the nearly singular kernels are not changed into other forms.
4.2. Exponential transformation in combination with element
subdivision
The element subdivision technique is employed for treating the
nearly singular integrals in the 3D cases as in Refs. (Aliabadi, 2002;
Ma and Kamiya, 2001, 2002; Qin et al., 2011). In this section, we
subdivide an integration element into a suitable pattern consider-
ing both element shape and the position of the projection point in
the element. Adaptive integration based on element subdivision to
calculate integrals is employed just as a combination for the im-
proved exponential transformation. We classify the element subdi-
vision into two cases considering whether the projection point is
located in or outside the integration element.
First, we consider the case when the projection point is located
in the integration element. Note that although the original quad-
rangle has a ﬁne shape, the four subtriangles may have poor shapes
depending on the position of xc (the projection point) (see
Fig. 3(a)). Obtaining triangles of ﬁne shape seems more difﬁcult
by direct subdivision for irregular initial elements shown in
Fig. 3(a), even xc is located at the center of the element. In
Fig. 3(b)–(f), if the angle denoted by h in each triangle is larger than
a certain value 2p=3 and even tends to p, numerical results will be-
come less accurate.
To solve the troubles described above, we have developed an
adaptive subdivision for an arbitrary quadrilateral element. The
original element is divided into several triangles and additional
quadrangles, which is different from these shown in Fig. 3(a1)–
(f1). The adaptive subdivision consists of three main steps de-
scribed brieﬂy as follows:
First, compute the distances in the cartesian space from xc to
each edge of the element and obtain the minimum distance d.
Then, based on d, we construct a box deﬁned in the parametric
system, andwith square shape in the cartesian space towell coverxc.
Finally, triangles are constructed from the box and additional
quadrangles are created outside the box in the element.
Applying the strategy above, adaptive subdivisions for the ele-
ments in Fig. 3 with suitable patterns are shown in Fig. 3(a1)–(f1).
For each triangle, the nearly singular integrals are calculated by
the scheme discussed in Section 4.1. However, for each quadrangle,
nearly singular integrals will arise but not be severe, which can be
calculated by adaptive integration scheme based on the element
subdivision technique discussed in Ref. Zhang et al. (2009a). It
should be noted that, although the element subdivision is adopted,
the computational cost is reduced dramatically compared with the
conventional subdivision technique to compute nearly singular
integrals on the whole element. This is because the integrals on
the local region of the element, which is more close to the source
point, are calculated by the improved transformation technique.
Then we consider the case when the projection point is located
outside the integration element. Only a few literatures refer to
nearly singular integrals of this type, such as the tangential trans-
formation in Ref. Ma and Kamiya (2002) and new variable transfor-
mations in Ref. Xie et al. (2013). In our implementation, when the
projection point is located outside the integration element, another
subdivision technique is employed in our method. The point xd
which is the nearest point to the source point in the element is
introduced. The positions of the nearest point are shown in
Fig. 4. We subdivide the element around xd instead of the projec-
tion point. And the transformations (14) are employed for nearly
•cx
•
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cx
•
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cxθ θ
cx
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θ θ
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Fig. 3. Subdivisions of quadrilateral element depending on the position of the projection point.
Fig. 5. Various integrals with the kernel U11.
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point is always in the element, so we still can follow the three main
steps.
5. Numerical examples
In this section, all the computations are performed on a PC with
an Intel(R) Dual-Core CPU (2.7 GHZ) and 2 GB memory.
Example 1. A regular quadrilateral element to verify the sensi-
tiveness to the position of the projection point
In this example, we study the inﬂuence of the projection point
on our method when the source point is ﬁxed. Four vertexes of
the element locate at (0, 0, 0), (1.0, 0, 0), (1.0, 1.0, 0) and
(0, 1.0, 0), respectively. In each case, the source point is ﬁxed at
(0.5, 0.5, 0.01), and the projection point P is determined by an off-
set parameter k, 0 6 k 6 0:15, using the following equation:
p ¼ xc þ kxc ð15Þ
where xc is the ideal projection point at the center of the element
with coordinates (0, 0) in local ðt1; t2Þ system if we constrain both
t1 and t2 in [1, 1]. In this example, the Young’s modulus is 1 and
the Poisson’s ratio is 0.25.
Given a set of values of k, all computations have been performed
with our method using Eqs. (11) and (14), respectively. The refer-
ence values are obtained by adaptive element subdivisions (Zhang
et al., 2009a). As shown in Fig. 5, it is obvious that, the results ob-
tained by Eq. (14) are in good agreement with the reference values
even the offset parameter k increases up to 15%, and the maximum
error is less than 0.02 percent. The results obtained by Eq. (11) are
not as accurate as that of Eq. (14). And the maximum error from Eq.
(14) is 1.2 percent within the offset parameter 0 6 k 6 0:15. As
shown in Fig. 6, the results obtained by Eq. (14) are also in good
agreement with the reference values even the offset parameter kFig. 4. The positions of the nearest point.increases up to 15%, and the maximum error is less than 0.8 per-
cent, while the maximum error from Eq. (11) is about 8.2 percent
within the offset parameter 0 6 k 6 0:15 .
It should be noted that although in most cases the projection
point coincides with the ideal projection point, the special cases
of the offset projection point are also considered in this paper. In
our implementation, the improved exponential transformation is
applied for evaluation of the nearly singular integrals arising in
3D boundary elements. This is because the accuracy of the results
is less sensitive to the position of the project point.
Example 2. Hollow circular cylinder problems
The example considers a hollow cylinder elasticity problem. In
this example, the geometry, and the BEM model for this problem
are shown in Fig. 7. As illustrated in Fig. 7, the elements are slenderFig. 6. Various integrals with the kernel T11.
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grals, the improved transformation combinedwith the element sub-
division technique is applied. We assume the thickness l is 0.08 or
0.008. The Young’s modulus is 1 and the Poisson’s ratio is 0.25. InFig. 7. Hollow circular cylinder elasticity problem.
(a) Results at boundary points 
(b) Results at domain points 
Fig. 8. Results at sample points when l = 0.08.order to make comparison with the exact solutions, boundary
conditions of Dirichlet type are imposed on all faces corresponding
to quadratic exact solutions. And the solutions are as follows:
u1 ¼ 2x2 þ 3y2 þ 3z2
u2 ¼ 3x2  2y2 þ 3z2
u3 ¼ 3x2 þ 3y2  3z2
8><
>: ð16Þ
As shown in Fig. 7, the BEM model with 179 8-node quadrilat-
eral elements and the total number of nodes is 753. The sample
points are distributed on the boundary and the domain. The
boundary evaluation points are uniformly distributed on isopara-
metric line segment from (0.0, 0.5) to (1.0, 0.5) in the parametric
space of the outer cylinder surface and the domain sample points
are distributed on the line segment from (4.5, 2.0, 0.04) to
(11, 2.0, 0.04) when l = 0.08 and (4.5, 2.0, 0.004) to (11, 2.0, 0.004)
when l = 0.008. As shown in Fig. 7, u represents the direction of
the ring and v represents is the direction of z. In the parametric
space, u 2 ½0;1 and v 2 ½0;1. And the results at the boundary
and domain sample points are illustrated in Figs. 8 and 9. The exact
Traction solutions are computed through Eq. (16) and the equation
as follows:
ti ¼ 2Gv1 2v uk;kni þ Gðui;j þ uj;iÞnj i;j;k¼1;2;3 ð17Þ
Numerical solutions are obtained by BEM using Eq. (14) for
nearly singular integrals.(a) Results at the boundary points 
(b) Results at the domain points 
Fig. 9. Results at the sample points when l = 0.008.
Table 1
The number of sub-elements, Gaussian points and the CPU time when using the same number of elements (179 elements).
l NEs (Conventional method) NEs (Our method) NGPs (Conventional method) NGPs (Our method) CPUs (Conventional method) CPUs (Our method)
0.5 30515 23444 762875 586100 8 s 8 s
0.8 30515 23444 762875 586100 8 s 8 s
0.08 66026 32146 1650650 803650 8 s 8 s
0.008 97059 38672 2426475 966800 9 s 8 s
Table 2
The number of sub-elements, Gaussian points, and the CPU time when l = 0.08, the number of elements increases.
Number of
elements
NEs (Conventional
method)
NEs (Our
method)
NGPs (Conventional
method)
NGPs (Our
method)
CPUs (Conventional
method)
CPUs (Our
method)
179 66026 32146 1650650 803650 9 s 8 s
259 75045 37702 1876125 942550 10 s 9 s
345 88417 51640 2210425 1291000 14 s 12 s
532 116259 73024 2906475 1825600 31 s 25 s
Fig. 10. Thin cylindrical shell, surface meshes, and the meshes of the end face.
Fig. 11. Numerical radial displacement compared with the shell theory solution
and results by ABAQUS when t = 0.02.
Fig. 12. Numerical Von Mises stress compared with results by ABAQUS when
t = 0.02.
Fig. 13. Numerical radial displacement compared with results by ABAQUS when
t = 0.2.
G. Xie et al. / International Journal of Solids and Structures 51 (2014) 1322–1329 1327As illustrated in Figs. 8 and 9, the numerical solutions obtained
by the proposed method are in good agreement with the exact
solutions for the linear elasticity problem. The results of our meth-
od keep stable and reasonable accuracy using the model of same
meshes. It can be concluded from this example that the proposed
method is suitable for linear elasticity problems in thin structures.
Note that, the slender element, of which the length and width ratio
is larger than 10, is applied for long and narrow surfaces in thisexample. However, in our method the accuracy is not inﬂuenced
by elements with poor quality.
It also can be noted that when u is close to 0 and 1 the solution
appears to be less accurate. This is because the accuracy will be
inﬂuenced by discontinuous elements employed in our method
1328 G. Xie et al. / International Journal of Solids and Structures 51 (2014) 1322–1329when u is close to 0 and 1. However, the maximum error is within
3.5 percent when l = 0.08 and the maximum error is within 3.8 per-
cent when l = 0.008.
In this example, we also calculate the number of sub-elements
and the CPU time of our method when l = 0.5, 0.8, 0.08 or 0.008
using the same number of elements. Moreover, when l = 0.08, the
number of sub-elements and the CPU time of our method are also
given as the number of elements increases. These results are
shown in Tables 1 and 2 compared with conventional element
subdivision technique (Zhang et al., 2009a). NEs represents the
number of sub-elements used for nearly singular integrals and
NGPs represents the number of the Gaussian points used for nearly
singular integrals. CPUs represents the CPU time
From Table 1, it can be noted that the number of sub-elements
and the Gaussian points used for nearly singular integrals have been
reduced signiﬁcantly by applying our method when using the same
elements compared with the conventional method. However, the
CPU time of our method and the conventional method is nearly
the same. The reason may be that ﬁnding the nearest points is
time-consuming. From Table 2, it also can be seen that the number
of sub-elements and the Gaussian points used for nearly singular
integrals have been reduced signiﬁcantly by applying our method
when the number of elements increases. Moreover, the CPU time
of our method is less than that of the conventional method.
Example 3. Thin cylindrical shell with ﬁxed ends subjected to
constant internal pressureFig. 14. Numerical Von Mises stress compared with results by ABAQUS when
t = 0.2.
Table 3
The number of sub-elements, Gaussian points, and the CPU time when using the same nu
t NEs (Conventional method) NEs (Our method) NGPs (Conventional meth
0.2 158044 112360 3951100
0.02 274136 209264 6853400
Table 4
The number of sub-elements, Gaussian points and the CPU time when t = 0.2, the number
Number of
elements
NEs (Conventional
method)
NEs (Our
method)
NGPs (Conventio
method)
88 35080 15204 877000
144 53092 22524 1327300
216 73700 32884 1842500
304 87652 45404 2191300
408 114404 59176 2860100This problem setup and a radial displacement proﬁle are shown
in Fig. 10. Note that the ﬁxed ends create boundary layers which
are difﬁcult to capture with ﬁnite element method. The exact shell
theory solution is given in Ref. Hughes et al. (2005), for plane stress
and provided as a reference below:uðxÞ ¼  PR
2
Et
ð1 C1 sin bx sinh bx C2 cos bx cosh bxÞ
2 ðL=2; L=2Þ ð18Þ
where C1 ¼ sinacoshacosasinhasinhacoshaþ sinacosa, C2¼
cosasinhaþ sinacosha
sinhacoshaþsinacosa
The sample points are uniformly distributed on the line seg-
ment which has end points at (2.1, 0, 4.99) and (2.1, 0, 4.99)
when t = 0.2 and the sample points are uniformly distributed on
the line segment which has end points at (2.01, 0, 4.99) and
(2.01, 0, 4.99) when t = 0.02. The Young’s modulus is 1800 and
the Poisson’s ratio is 0.25. The BFM model with 448 8-node quad-
rilateral elements and the total number of nodes is 1454. Results at
the sample points when t = 0.02 are illustrated in Figs. 11 and 12.
Results at the sample points when t = 0.02 are illustrated in Figs. 13
and 14.
From Fig. 11, it can be seen that both the results of our method
and ABAQUS are lower than the exact solutions and the results of
our method are more close to the exact shell theory solutions.
Moreover, the results of numerical radial displacement proﬁle pick
up the plateau very well and the boundary layers appear. From
Fig. 12, it can be noted that the results of our method are in good
agreement with those of ABAQUS and the results of method are a
bit larger than those of ABAQUS, so our method is more suitable
to the evaluation of the maximum stress. Furthermore, the plate
and shell theories based on various assumptions about the geom-
etry are not needed in BEM and no solid element is required in
BEM.
When t = 0.2, the shell theory solution may fail. Thus we use the
results by ABAQUS with 84,000 solid elements as reference solu-
tion. From Figs. 13 and 14, it can be seen that the results of our
method are in good agreement with those of ABAQUS when t = 0.2.
In this example, the number of sub-elements and the CPU time
of our method are also considered compared with the conventional
method. The results are listed in Tables 3 and 4.
From Tables 3 and 4, it can be noted that both the number of
sub-elements and the Gaussian points used for nearly singular
integrals by our method is less than those of the conventional
method. Moreover, the CPU time of our method is less than the
conventional method in most cases.mber of elements (448 elements).
od) NGPs (Our method) CPUs (Conventional method) CPUs (Our method)
2809000 24 s 22 s
5231600 29 s 26 s
of elements increases.
nal NGPs (Our
method)
CPUs (Conventional
method)
CPUs (Our
method)
380100 2 s 2 s
563100 4 s 3 s
822100 7 s 6 s
1135100 13 s 12 s
1479400 20 s 18 s
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This paper presented an improved exponential transformation
for nearly singular integrals which appear in the application of
BEM for elasticity problems. By applying the proposed transforma-
tion in the BEM, the number of integral points in the near singular
integral patches has been reduced signiﬁcantly. Furthermore, re-
sults obtained by the proposed method are less sensitive to the
location of the projection point than that obtained by traditional
exponential transformation method.
To perform integration on irregular elements, an adaptive inte-
gration scheme considering the element shape and the projection
point or the nearest point in combination with the improved trans-
formation has been introduced. Numerical examples have been
presented to verify the proposed method. Results demonstrate
the accuracy and efﬁciency of our method. The sensitivity of the re-
sults to the position of the projection point has also been demon-
strated. For nearly hypersingular integrals or other nearly
singular integrals of higher orders, however, the present method
is not so effective. Using the pioneering work of Ma and Aliabadi
(Ma and Kamiya, 2001, 2002; Aliabadi et al., 1985; Mi and Aliabadi,
1996), extending our method to compute nearly hypersingular
integrals is ongoing.Acknowledgments
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